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Abstract

The paper proesents the appregation of heterogenous production into

a homogenous onu in an cconomy described by a General Equtlibrium model

ol the von Neumann type (a KMT model with final demand). The resulting
ag: regated model will be ol the von Neumann-Leonticf type. We will

{ cousider two cases, one in which the final demand is given by a vector
of parameters, and another case in which we will have a final demand

function.
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4, _lngroduction

lirms that producce an homogencus output arc a uscful device for both
empiricol and theorctical research., 1t is obvious though, that we live
in a wor ld where the product of o firm in heterogcnous, and the problem i
hov to reconcile the theory and the "reality." In this paper we do not
attempt to give a general answer to this question, and we will restrict
our analysis to the case in which the economy is linear.

Similar questions were raised in the economic literature especially
comnectod with the input-output analysis. Since one of the main assumptions
ol the input-output analysis is that each firm produces a distinct homogeno s
ouiput, it is clear that some agypregation of the heterogenous goods has to be
performed in order to obtain the idealized image of the economy assumed by
the Leontief model of general equilibrium. In general it has been admitted
that the conditions for 'good" aggregation are given only by very unrealistic
conditions of complementarity, substitutability and similarities between

1/

fi ms.= It should be mentioned that these studics implicitly dealt with a
sonewhat simplier problem. Namely, it was assumed that the actual economy
prusents the property of homogencous production but its size is too big anc
the problem was how to reduce it to more manageable proportioms. Now, the
dinensionality problem in itsell might not be any longer a problem (faster
conputers, etc.), but the fact that the firms have a heterogenous product it
is still a problem,

In the first part of our paper we will present the results obtained

th ough a standard approach to the aggregation problom. As it will be seen,

thse results do not differ very much from the conditions of substitutability ard

so on mentioned before. In the second part of the paper, by introducing more
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structure in our framework, we will approach the same problem in a different
wiy, We will show that under this alternative approach the conditions for
coansistent aggregation are less restrictive.

1n the remainder of this section we will outline the main assumptions
ol our approach. In order to simplify our presentation we will use terms like
micromodel, microvariables whenever we refer to the model and variables that
describe the economy in which the firms are producing a heterogenous output.
Following the same convention, we refer to the economy in which each firm
produces a homogenous output as the macroeconomy and respectively macromodel,
macrovariables and so on.

For the microeconomy, we assume that the technical production possi-
bilitie: of each firm are described by an activity analysis production function.z/
In this way we allow joint production for a firm but we make our analysis
simplier due to the constant returns to scale and the additivity properties
possesscd by this type of production function., Given this particular form of
the production function, we further assume that by aggregating all the goods a
given f:rm produces into one good (which we will call "product"), we obtain a new
fiem (wiich we will call "sector'), whose production possibilities are described
b. a new linear production function which differs from the firms production function
in only one respect: the sector produces only onc product which is uniaque,

i.e, it is not produced by any other sector. It is clear then, that the produc-

tion possibilities of each sector are described by a Leontie: production

functioa. It can be noted that up to here our approach follows the approach

ottlinel by Klein.l/ Namely, he required that the production function which

coantains aggregated data should be of the same form with the production functions |

fiom the micromodel. 1In the same paper, Klein required also that the maximizing
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bellavior of the microfirm: should be "transferred,'" through the aggreyation
furction, to the macrofirms.ﬁl 1t is here that we add more siructure to the

apj roach to the aggregation problem; we assume that the (irms are not only

ma> imiz ng their profits tor given prices, but more than that, we assumc tlat
th¢ microeconomy is in equilibrium and so the prices are also determined.

Given the form of the production function of the firms, the equilibrium in the
microeconomy is then described by a general equilibrium model of the von N¢uman:
variety, namely a KMT modvl.é/ 1t should be mentioned that tie aggregation in
KM1 models was never studied before from this point of view.‘!

[n order to follow in the spirit of Klein's approach, /e require th. t
the equilibrium in the macromodel should have the same charac eristics as the
equilibrium relations from the micromodel--the quantities produced by the
sectors and the prices of the products should be determined sich that the
demand for every product is satisfied and the economy is growing uniformly and
efticiently (using Koopman's tvrm).l/ As said belore, the same characteristics
det ermine the cquilibrium prices and quantities in the micromodel, and so they
have to appear at the macro level too. Under the.c circumstances, we assume
that th» equilibrium in the macroeconoemy is described by a von Neumann-Leontief
m0(01.§/ It should be mentioned that though the connections between vario s
Leontie( type models has been studied quite intensively, the connection between
the KMT model and a von Neumann-Leontief (VNL) model has not been studied
beiore.il For future reference, it should be mentioned that since each sector
produces a unique product, the equilibrium conditions in the von Neumann-Leontief
model d:rscribe the exchange that takes place between sectors under the assump-
tion that the cxchange between any two sectors is proportion:l to some fixed

non-negative real number.
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Bacause of our general equilibrium approach, we have to complete cur

model by specifying the consumption side of the microeconomy. Introducing

consumption in a von Neunann type of model is not a trivial matter and it
secns that the better insight this type of models pive on the production side
of the economy is paid with a rather formalistic approach to the consumption
side of the economy.lg/ In our paper we consider two ways of introducing the

public's demand for goods in our micromodel.

In the first case we simply assume that the demand for each good 's some
unknown non-negative real number, and so the demand of the whole economy is a
vector of non-negative real parameters. Consequently, the demand for products
will be also represented by a vector of parameters of a smaller dimension. Not
unexpectedly, the conditions for consistent aggregation require the
exchang« that takes place among the firms of the KMI economy to have a very
restrictive linear form. We argue that the strong conditions for consistent
agypregal ion we obtained in this case are due to two factors: on one hand we
require that the microvariables (the prices of the goods) and the
micropar meters (the demands for goods) to be aggregated in exactly the same way,
and on the other hand we require the aggregation procedure to realize a :on-
sistent aggregation for a very large range of values of the domand.

In order to show that, in the second case, we will assume that the consumpti

side of the economy is described by a vector of functions and we will redefine
accordingly the equilibrium conditions in the microeconomy. 3y taking advantage
of this more structured framework, we will show that there ar: KMT models whose
form of trading is other than linear but which can be aggregated to VvNL model

because their equilibrium values are as if the trading was linear.




=he

The paper proceeds as follows. In section II we introduce our models

and we study the first case in which the demand is given in parametric form.
In section 111 we study the second case and in section 1V we will present a

conparison of these two cases. Section V presents our concluding remarks.

II. The Parametric Demand Case

In the first part of this section we introduce our models and some def- ‘
imitions, while in the second part we give the necessary and sufficient condi-
ticns for consistent aggregation for the case in which the final demand is a

vector of parameters.

II.1 As mentioned before we assume that the firms of our microeconomy are in
lorg run equilibrium and the economy is on a uniform rate of growth path--the
prices and output are growing at a unique constant rate.

We assume that our microeconomy consists of m firms which are producing
n goods, and joint production is possible in the economy (m < n). The
production takes place during an infinite number of time intervals of equal size
and the economy is allowed to grow from one period to another at a constant
rate. 'That means that the state of the economy in any future period is propor-
tional to its state in the first period. Each good is characterized by a rela-
tive price, where the numeraire is such that the sum of all the relative prices
is equal to one. Each firm is characterized by an intensity, where the intensity ‘
for a firm expresses the relative weight that particular firm has as compared
to the other firms from the output point of view. The sum of all the intensities
is equal to one.

These three variables has to be determined such that: the supply from

every good exceeds the demand from that good (2), each firm has to make

-
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a negative or zero '"profit" (3), in equilibrium the free goods (goods arc

which the supply exceeds the demand) have zero prices and the inefficient

firms (' irms that have strictly negative profits) are not run, i.e. their
intensiiies arc equal to zero (4). In order to obtain meaningful economic
solutions, we will assume that over all the economy, somcthing of value :s
proeduced (5).11/

As said before, for this case we will consider that the¢ demand for good:

is represented by a n-dimensional row vector of non-negative parameters. This

amounts to assuming the demand for consumption goods is equal to the demand

%
for saving goods.l;/ The equilibrium in the microeconomy is rhen summarized

by the following relations (a KM with final demand model):

(2) q(B-aAk) > adk (supply exceeds demand)
k k _h

(3) (B-aA )p < afd'p (profitless condition)
k k .

%) q(B=cA )p = od p (zero prices for overproduced goods
and zero intensities lor inefficient
firms)

(5) qBp >0 (something of value is produced)

6) p,q20, qf =ep =1

where: m is the number of firms

n is the number of goods, m < n

N is the growth factor

q is an (1,m) vector of intensities

P is an (n,1) vector of relative prices

B is the (m,n) matrix of output coefficients.

The (i,]j)-th entry represents the amount of the j-th
good produced by the i-th firm when firm i 1is run at
unit intensity level.

i e e —




A is the (m,n) matrix of input coefficients,

The (i,j)-th entry reprsents the amount of the j-th
goo! needed as input by the i~th finu when firm
is run at unit intcnsity level.

dk is the (1,n) vector of demand, where the i-th entry
represents the public's demand from good 1i.
{ is a m-dimensional vector whose entries are all e¢qual to 1.
3 is a n-dimensional row vector whose c¢ntries are all equal to 1.

It can be noted that in equilibrium the quantities from each good
produced by a firm are determined but nothing is said about how the actual ex-
change of goods takes place betwcen firms.

We want now to aggregate all the firms in m sectors, and the goods into
products, such that one sector produces only one product and this product is
produced by no other sector. We do this in order to achieve 1 Leontief type
modcl. We will assume that the number of sectors is equal to m and so the
mac roeconomy equilibrium output is given by m intensities, where the intensity
of 1 sector has the same meaning with the intensity of a firm. Since each
sector produces a distinct product we will have wm products, each of which is
charactcrized by a relative price. As mentioned before, this will be the only
difference between the microeconomy and the macroeconomy and so, in equilibrium,
the output and the prices of the macroeconomy are also going to grow at a constant
rate.

Under these assumptions, the equilibrium in the macroeconomy will be

sumnarized by the following relations (a vNL with final demand model):

1

(7) q(I-aAl3 od

v

8  (1-aatyp < ofah

:
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(9 q(I-aAL)p = adtb
(10) qQp > 0
(11) q,p20, qf =pe =1
where: m is the number of industries and the number of products,
o is the growth factor,
q is the (1,m) vector of intensities of sectors,
P is the (m,1) vector of prices and products,
Al is the (m,m) matrix of input-output coefficients.

The (i,])-th entry represents the output of the j-th
sector used as input in the i-th sector when sector i
is run at unit level intensity,

£ is a m-dimensional column vector for whose entrics are
equal to one,

e is a m-dimensional row vector all whose entries are
equal to one,
dL is the (1,m) vector of final demand for products.

It can be noted that in this model the answer to the question: '"who supplies
whom?" 1is clear because'for e2ch product there is only one supplier and all
the other sectors are demanders.

Let us now introduce a lormal definition for consistent aggregation:

13/ Let (ak,qk,pk) be the solution oif a KMT model (B,Ak) with

final demand dk, and let (aL,qL,pL) be the solution of a vNL model (I,A) with

final demand dL. Then (I,AL) is a consistent aggregation-disaggregation of

(B,Ak) iff it exists a matrix A such that for any d? > 0 we have: pL = Apk,
UL o Gk: qL = qk, dL = dkAg, and for any d{'z 0 we have: cx'k = aL, qk = qL’

pk = AgpL, dk = dLA, where: A% is the generalized-inverse of A, A and AP

are non-negative, and d?

is a row vector containing m entries of
gk 14/




It is clear that our delinition for consistent aggregation is consistent
wi th the standard definition for consistent aggregation. Numely, it says
that ror consistent aggregation there should be a fixed aggregation procedure
(the matrices A, Ag) such that for any value of the final demand the fore-
caits of the VNL model are the same as the "true" cquilibrium values given by
the KMT model. It should be noted that under thi: definition it doesn't matter

it the forecasts: are made at the micro level or at the macro lcvel.

11.2. The following theorem will give us the neccssary and sufficient condttions
for a consistent aggregation between the microeconomy ars: the macroevonomy.
31355355_1.12 Let (B,Ak) be a4 KMT model with final demand, and unique growth
rate, and B,Ak > 0.lg Then there is a vNL model with {inal dc¢mand (I,Al)
which is a consistent aggregation-disaggregation of (B.Ak) B o6

(a) rank (B) = m

(b) 8% -0

) a¥p8p = K,
whore: B® is the generalized inverse of B, A =A + fd, f is a m-dimensional

column vector whose entries are all equal to one.

Proof: Let (o.g,pk) be the solution of the KMT model (B,Ak). 1f (B,Ak)

is a consistent aggregation of (I,AL), it follows that:

oA 4" = ', o =S i >0, A%> 0.

Using this, the relations (1) - (6) can be rewritten in the form:

g (A - a8y > 0

(A% - aa¥aB)pk < 0
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g(BAB = aa®aB)p¥ = 0

gBABpK > 0

s,pL >0

where: AK = Ak L fdk, f 1is a m-dimensional column vector whose entries are

all equal to one. By assumption, the model (BAg,AkAg) is a vNL model, so

BA% = I. This implies that:
0< A% = B® and rank (B) = m,

and so we proved that the conditions (a) and (b) arc necessary.ll In order
to prove that the condition (c) is also necessary, let (a,g,pb) be the
solution of the VNL model (I,AL) which is a consistent aggregation of (B,Ak).

From the definition of consistent aggregation it foldows that:

1 k L

gA: a¥ = aa8, pPesp®, a0, 28.- 0,

Using this, the relations (7) - (11) can be rewritten in the form:
L
g(A - oA’A) 2 0
A - aAka)p* < 0

g(A - aALA)pk =0

|3

gAp > 0
g, p*> 0,
L L

where: AL =A"+ fd’, f is a m-dimensional column vector whose entries are

all equal to one. From the condition that (I,AL) is a consistent aggregation-

disaggregation of (B,AK) for any d? > 0 it follows that the models (B,AK)

and (A,ALA) coincide. We have assumed that the rank of B 1is given by
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the first m columns and dt is a m-dimensional row vector whose entries

are equal to the first m entries of dk. That implies that:

B =A and Ah = ALA.

From AK = ALA, and rank (B) = m, and B = A one can show that:

P e

and so AKBgB = AK, which proves that condition (c) is necessary.

In order to prove the sufficiency part, let (w,u.pk) be a solution

of (B,A}). Then from (1)-(6) onc¢ can show:

g(1 - aAfB®) 0 by (a)-(c)
(1 - cATBE)Bp® < 0 by (e)

g(I - aaR8®)BpX = 0 by (c)

gBp" > 0 .

By making the substitutions A" = AMBE, and p* =~ Bp*, snd ¥ = &85, 1

follows that lor any d* - 0, (iv,g,Bpk) is a solution of the vNL model
(1 AKBg) because B> 0 dimplic:s that pL = Bpk -~ 0, Similacly, Jlet
(n.g,pL) be the solution of the vNL model (I,AKnr) Then from (7) - (11)

on: can show that:
g(B - aAK) >0
(B - aAK)ngL <0
g8 - aaB8pY = 0

1

gBng >0
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Ly

L S > 0, (0,8.85Y tsa

Let p p,. d « d"B. It tollows that for any d

solution of the KMT model (B,AK). because Bg >0 {mplies that pk - aspc > 0.

Q.E.Nh,
A a corollary of Theorem 1, one can prove very easily the form of the

ag regat.d solutions,
Coollary 1. Under the hypothesis of Theorem 1 {1 we have consistent agarega-
tion then the micromodel and the macromodel have the same rate of growth (a)
and the ~ame intensities (g) and the relation between the microprices (pk)

and the macroprices (pL) are as given by the formula:

; )
PL " "L’;Z ka- e= (1,...,1) ¢ R(l‘m

oBp
The results show that the aggrepated prices are going (o be a weighted
of the microprices, where the fixed weights are pgiven by the matrix B ot
ou:put coefficients.
In order to get an interpretation of Theorem 1, we have to look at the
net exchange in the two economies, where by net exchange we will understand
th» exchange that takes place between firms (sectors) net of the own production

of the (irms (sectors). Then the net coxchange in the KMI' economy (EK) is:
Ek = (B - aﬂk)

whare: Q {8 a (m,m) scalar mitrix whose on-diagonal entries are piven by
thy intomsitics ot the firms and AK has the same meaning as in Theovem 1.

The net exchange in the VNL economy (EL) is:

E‘; - Q(I - ML)

where: Q is a (m,m) scalar matrix whose on-diagonal entries are given by the

o ’”‘E

O

O TV R U =S P T PSNPRRPCSIN
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intensities of the sectors, AL = AL + de, f is a m~dimensional column vector

whose entries are all equal to one.

Using these notations, the consistent aggregation between the micromodel
and the macromodel implies that EK = ELB for any final demand. This formula
shows that the output from each good produced by the economy (each column of B)
is distributed from suppliers to demanders according to a linear rule (EL)
which is the same for each of the n goods produccd in the microeconomy.

Before going to the next section let us summarize the results obtaincd
in this scction. Due to our insufficient knowledg: of the demand side of the
macket, very strong assumptions have to be imposed in order to
make tho vNL net exchange consistent with KMT net « change. Secondly, the
aggregation function (in our case the matrix B) is given by the microeconomy and
not exogenously imposed. Thirdly, the aggregation (unction is independent

of the quantities demand, and it {s unique for a given microeconomy.

IJL, 7The Demand Function Case

[n the first part of this scction we introduce an explicit demand

function and we study the conditions for consistent aggregation in the redelined

micromodel. In the second part we will discuss the¢ new results obtained.

IIl.1. Let us now introduce thc demand of the pub! ¢ for consumption good

and saving goods:

k

y = q(B-Ak), where q, B, A~ have thc ame meaning as in (2)-(0).

Since qB represents output, given inputs qu, i follows that (qB-qu\

is the production of goods that are in excess over (he amount neecded to main-

tain a stationary economy (including the reproduction of workers). In order




)4

to be consistent with the consumption-saving pattern implicitly existing in the

KMT with final demand model, lct us assume that the public consumes as much as it

18
saves.,="

Let us denote by ¢ and s the consumption and capital accumula-

tion (savings) coefticients, where ¢ and s are such that:

Then our assumption regarding the consumption savings behavior of the public

implies that:

1
C = am=m=,

2

Under these circumstances, then the public demand lor consumption goods (dk),

is given by the formula:

d*(q) = % q(B - A%

By substituting dk(q) in (2) - (6) and by denoting:

K

A --21-(B+A“)

the equilibrium relations (2)-(6) can be rewritten as:

2")

3"

")

(5")

(6")

q(B-oAK) 20
(8-aa®)p < 0
q(B-aAK)p =0

qBp > 0

P20, qf =ep =1

P b
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Th s is the micro economy and .s it can be seen, it takes the form of a
stundard KMT model.

We want now to aggregatc the KMT economy to o vNL economy:

(1) a(1-aa") > @
‘ L
8") (I-cA )p < 0
99) a(1-aA™)p = 0
(10') qp > 0
") q,p > 0, qf =ep = 1

where q, p, @, I, e, f, have the samc meaning as in (7)-(11). As in II.2
we will require the aggregation Lo be such that: .my vNL solution is an

agregation of the KMT scolution, and some KMT solutions are « disajigregation

of the vNL solutioms.’

De inition 2. Let (ak.qk,pk) be the solution oi . KMT modcl (B,AK), and
le . (d{,qc,pc) be the solution of a VNL model (l,AL). Then (I,AL) is a

cosistent aggregation-disaggregation of (B,AK) ilf there is a matrix A and

a ‘unction if such that ak = wL. qk = qL, pk = A“pL, dk = f(d£ ) and

pL = Apk, dL

B f-l(dk), where A® is the generalized inverse of A, A and
A are non-negative, and f-l is the inverse function of 1.

It should be noted in the above definition that in this case we impose
a ipecific form only on the agyrcgation for the microvariablcs while letting the
agregation of the final demand: to be performed Ly some unsjecified function.

Gi ren these requirements the ncxt theorem will give us some :ufficient condi-

tions for consistent aggiegation-disaggregation.
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Theorem 2. Let (B,AK) he a KMT model with unique growth rate and B,AK > 0.19/

It (B,AK) is such that:

(a) rank (B) =m

(b) B* >0

(c) A¥u8p = a¥ |

then there is a vNL model (I,AL) which is a consistent aggregation-disaggregation
of (B,AK).
Proof: It is a reiteration of the sufficiency part of the proof of Theorem 1.
It is obvious that, in this case, the necessary condition for consistent
aggregation-disaggregation should be weaker than in the first case. In order
to see that, let us look at an cxample. In Examplc 2 (pp. 19), the KMT model
(“2'A§) satisfies the nccessary conditions from Theorem 2, while (Bl,Aﬁ)
does not satisfy these conditions. However, both models have exactly the same
sct of solutions, so the vNL model (I,A;) can bc considered a consistent
aggregation-disaggregaticn of the KMT model (Bl,AT), in the sensc of
Definition 2. Then Theorem 3 will show that this is alwaye the case, i.e. the
conditions (a) - (¢) from Theorem 2 arc consistent with the conditions for the
existence of an KMT model which does not satisfy thesc restrictions but it has

the same solutions with the modcl that satisfies them.

Theorem 3. Lot (B,AK) be a KMT model with unique non-negative prowth rate and
B.AK > 0., If (B,AK) i: such that it satisfies conditions (a) - (c) from
Theorem 2, thcn there is at least one KMT model, (n*,Af) which las the

following properties:

(a) (u*,Ai) has exactly the same solutions with (B,AK),




wl7e
(b) (B,Af) does not have the properties (i) =(c) from Theorem 2.

Proof. Remark 1. Let M, = B, - aAf.

unique growth rate, (Bl,Af) and (Bz,Ag): M

i =1,2. I! two KMT models with

K
L= N2 then (BI,AI) and

(Bﬁ,Ag) have exactly the same solutions.lg/

Femark 2. If (B,AN): it satisfies (2') - (6') and B,AX> 0 then
20/

the growth rate is different than zero.—

let o be the growth rate for the model (M,AK). Define (B*,Af):

B, =B +E, AK-AK+-21-E, F.el(:_m'"), m < n.

It is very easy to show that:

3 Bis Ay > 0,

- the model (B*,AK) has solutions because eB, > 0 and

>0, e=(1,...,1) ¢ K™

< )c R (n, 1)
K

the model (B*,AE) has a unique growth rate because B, + A, >0
K
I o 1s the uniquc growth rate of (B,A ) then « 1is also

the unique growth rate for (B*,A:).

Moreover B - mAK -5 " aAE and so by Remark 1 it follows that (B,AK) and
(B*,AE) have exactly the same solutions. That proves point (a) of the theorem.
[n order to prove point (b), we will take special cases for E, and

one can show that (B*,Af) does not satisfy (a) - (¢) from Theorem 2, In order

to show that rank (B,) ¥ m and that Bg contains negative entries take:




|
TR TP e]((m’“), €> 0, m< n,

€ 0.
0 san

E= [E |0, E = ”fz_” i B2 Lel...m,
0 O0...c¢

0 is a (m~n,m) zero matrix.
Q.E.D.

The relation between the solutions of (B*,Ai) and ics vNL image are

given by Corollary 3.

k 2

4
P )
be the solution of the vNL model (I,AKBS). Then one can show that (I,AKBg) is

Coréllary 3. Let (ak,q ,pk) be the solution of (B*,Af), and let (aL,q

a consistent aggregation-disaggregation (in the sense of Definition 2) of

(B*,AE) and:

k 4 k a
- preodomt, axq,.. W) e
eBp

It should be noted that in this case matrix B is the aggregation matrix rather
than B_.

An interpretation of these results is as follows: if the goods satisfy
the conditions of complementarity from Theorem 2 then the ccnsistent aggregation
is possible. Due to the fact that in this case the demand for goods for con-

sumption and savings is given by an explicit demand function, rather than by

e — ——— ‘Lg-v




-19-

some unknown paramcters as in Section 11, the conditions of complementarity are

; no longer neccssary. Morcover the proof of Theorem 3 gives us a way of

constructing KMT models that do not satisfy the conditions (a) - (c) of Theorem 2

but have an vNL model (I,AL) which realizes a consistent agjregation-dis-

agg "egation in the sense of Definition 2,

II1.2. The question which arises now is, what interpretation can one attach

to this type of aggregation. In Section II we saw that the net exchange be-

tween firms is equal to the disaggregated net exchange between sectors. This
explanation is valid for this case too. The only difference vill be that, in

thi; case, the disaggregation Iunction might not b¢ endogenou: to the micromodel. |

For an cxamplc of such a case, lct us yo back to Ii<ample 2 (po. 19), and let us

denote the net exchange in the KMT modcl (Bl,Af) with ET, and the net

? exchange in its vNL aggregated image (I,A;) with Eg. Then we have the
t following relation:
K L
Ey E2 82 s

This relation is similar to the relation obtained at the end of the last
q section with the only differencc, that in this case, the dis.ggregation function

(B,) i not cndogenmous to our wicromodel. Inm other words the actual net

2

| exchange in the economy (Ef) is consistent with o linear tiading rule (h;)

if the cconomy behaves as if it produccd output I, instead of the actual

output (Bl)'

Another property of this type of aggregation is the fict that the way

we aggregate the goods into products is not unique. In order to show that let us

go back to Example 1 (pp. 18), and let us assume that our micromodel is the KMT
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mod.'1 ('2'A§)' Then we can say that (I,A;) or (I,Ag) are the correspond-

ing aggregated vNl. models. Conscquently the price: of the products can he either
L

P, or pg.

A lasgt remark is concerned with the robustncss ol the results obtained
in this section. Namely we want to see if the aggregation function depends on
changes in the demand. Since in this case the demand is given by a function,
the only changes that can occur in the quantity demanded in equilibrium are due
to changes in the coefficient of the demand function. At this moment we do not
hav: detinite results for this problem but it seems that for a very large set

of -ascs the aggregation procedure is not affected by change: in the coefficient

of the demand function.

IV. Discussion

In this section we will review the results obtained in the last two
sections.

Though we used a general equilibrium model as a framework for studying
how heterogenous goods can be aggregated into a homogeneous good, the results
obtaincd in Section 2 are similar to the results obtained for other linear
models. As a matter of fact, though we considered only non-negative values for
the parameters, the conditions lor consistent aggrcpation are of the same type

21/

of Klein's results.=—' Because of that, the aggregation function in our caue

has similar characteristics: it is independent of the values of the parameters
it is unique and it is endogenous for a given micromodel. As a consequence the
macromodel is unique and it can be derived directly from the micromodel once

the form of the macromodel is given.

TT—
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The different results obtained in Section III are due to two factors:
on one hand we allowed the prices and the demand to be aggregated in different
ways, ani on the other hand we introducced a demand function instead of the
vector o/ parametric demand. In that case the aggregation function 1is not
unique and it is not endogenous to the micromodel. As a consequence, the
macromodel in itself is less connected with the micromodel than in the first
case. Though we do not have defimite results about the robustness of the
aggregation function to changes in the coefficients of the demand functiom, we
are quite confident that the class of changes that does not affect the aggre-

gation tunction is quite general,.

V. Concluding Remarks

As mentioned in the introduction, one way of explaining how heterogenous
goods can be aggregated into a homogenous one is based on properties of
comp lementarity, substitutability and similarities between firms. Casual
empirical evidence seems to show that models which assume a high degree of
homogeneity for the output of a firm or group of firms performed quite well
despite the heterogeneity existing in the '"real world". 22/

in the second section of the paper we performed such an aggregation in a
general cquilibrium framework with parametric demand, and we showed that the
necessary and sufficient conditions for consistent aggregation are based on
conditions similar to those mentioned above. It should be noted though, that
these conditions imply a potentially observable structure of the trading that
takes place among the firms of the micromodel. So, if one observes that the

trading between firms has a linecar form, then one can look for an aggregation

procedure as required by our Definition 1.
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Our approac!i to the aggregation problem, as presented {n Section III,

is baied on two departures from the stondard approach: on one hand we ollowed

the microvariables of model (the prices) and microparameters (the vector of
demand) to be .uggregated in different ways, and on the other hand we introduce:
a demand function., The fact that the microvariablos and the microparameters a

usually requircd to be agpregated in the same way (s more a matter of convenier e i

23/
than onc¢ derived from the micromodel.=—

The introduction ot the demand function is motivated !y our intent to
approach the ajgregation problem as the problem of existence of an equilibrium
in a general equilibrium model.

The results of our approach show that the apgregation procedure is de-

pendent on changes of the parameters of the demand function. This conclusion
differs from the results obtained through the Theil-Peston approach [231, [21].
It seems that the difference comes from the fact that the problem we study is
somewhat different from the one they analyzed: we assumed that the macrovariales ‘
do not appear .mong the variables of the micromodel. It can be argued that this
is the case in many instances when an aggregation is performid.

In obta:ning our results, we made strong assumptions ibout the equilibrium
cowditions in the micromodel. It is obvious that a more gen:ral answer to thi
problem should come from a less structured equilibrium model for the micro-
economy. In what follows we will outline some directions for further study.

One direction is connected with the undeterminancy of the aggregation
procedure we mentioned above. This would suggest that:there are other factors
which we didn't take into consideration when aggregating the heterogenous goods

into a homogencous one.zﬁ/

Another direction should be the study of th¢ robustness of the ajgregation

procedure to changes in the demand, matter which seems to bc a stability type of

question,

e —
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Another point of intere:t is the fact that we had to impose exogenously |
the form of aggregated model. As Grunfeld and Griliches suggested it, the
amount of knowledge about the microeconomy seemed to be a very important
factor in deciding upon the form of the macromodel for a given micromodel.gé/

So in this case again it seems the problems connected with aggregation are

largely due to our incomplete knowledge of the microeconomy.
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|| 3 Footnotes ;
AR :
1 4 &
g ’
ii}« 1. In general the object: of the Aggregation Theory are: a microsystem,
{83
?'?j a macrosystem (which 18 in general simplier), and o aggrepation function.
oy
| tq Then an aggregation i: consistent (good) if there is no loss of information
'y
;w§3 working with the macrosystem rather than using the microsystem. For a
f ?2 more formal approach see ILjiri [5, pp. 766-769].
AR
i For the assumptions underlying the Leontief model a good reference

- iy
=

S A
~N
.

is Malinvaud (14, pp. 189-pp. 194]. Other references Leontief [11], ([12].

Here we adopted Intriligator's term for this type of production function

ok

[6, pp. 187-189].

" S
2 -

3. [8, pp. 94-95].

4, Klein's rules are an attempt to "tramsfer" all the characteristics of the
micromodel to macromodel and not only the numerical valuc of the solutions.

5. Good gencral rcoferences for this field are [1], [13] and [16]. For a

E | presentation ol the KMT model see [7].

6. Sec [7, pp. 129-132] for a study of aggregation #n a standard KMT model.

E | 7. The efficiency properties [or some models of the von Neumann variety were
proved by Truchon [26].

8. [16, pp. 204].

9. [16, pp. 203-209].

10. For a review of the literature in this field see [15] and [26, pp. 12-25].

11. (7, pp. 117-118].

12. An .nalysis of the inplicit assumptions of the case with parametric demand

| can be found in [26, pp. 12-15].

13. As it can be scen our definition is a combination between the standard

definition [25, pp. 517-518], and Fisher's definition [3, pp. 8-12].




4.

15

16.

17.

18.

19,

20.

21.

23.

24,

25.
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The¢ concept of generalized inverse and some of its properties are in

[1t], (20].

Th« proof of this theorem, is partly based on the material from one of

ou! earlier papers.

The sufficient conditions lor a KMT model (B,Ak) to have a unique growth
rate are that: B + Ak > 0. See [14, pp. 3].

Sec [2, pp. 11-12, Lemma 2].

(15, pp. 118-121],

It (ollows from the computitional procedure uscd to (ind (« ),

Ry
i =1,2, See [16, pp. 53-54].
The conditions for the existence of solutions for a KMT wodel with non-

nepative matrices requires that ¢B > 0 and Akf 0, ¢ m (1, se51) ¢ R (1,m),

¢ R (n,l)- These conditions are implicitly as:umed to be satisiied

-
I
oo

in Theorem 3 and they imply that the growth rate must be different than zero.
(9. pp. 310-312].

For an evaluation of an application of input-output analysis to the Dutch
economy see [22], [24].

A imilar result can be found in [10].

For the case in which m:> 2, {it seems that one way of solving this problem
is to require that the relative weight of the actual revenue of a fir\ to be
equal to the relative weight of the actual revenue of the corresponding
sector in the macromodel, where the actual revenue of firm 1 is

qigipk, gi is the i-th row of matrix B.

[4, pp. 10].
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